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         F (0, ti) = 20,∀0 ≤ i ≤ N 

vI? :B?H?J678 J?<HB6:;697 IA< ;9 F ? <C68I;Cl D 9J6r?J o9B    K q7 ;I6< HA<? =
A7 ?D:;l ;A7m 6< B?7; ;9 ;I? 957?B 9o ;I? H97;BAH; A7J ACC95 < I6D ;9 ?6;I?B FEl <9D ? 8A<
97 ;I? D ABm?; A7J 67~ ?H; 6; 67 ;I? ;A7m = 9B 5 6;IJBA5 6; A7J <?CC 6; 97 ;I? D ABm?; K z; ?AHI
   	 
                    !  "#$%  &  "%'    & %(#  
JA;? = ;I? :B9r; 6< 86{?7 Fl
ψ(Fti , qti) =



−qti(Fti + cI)
6o
qti ≥ 0
wq7~ ?H;697 y =
−qti(Fti − cW )
6o
qti ≤ 0
w 6;IJBA5ACy =
0
6o
qti = 0
w4AD ? C?{?C o9B ;I? <;9BA8?y =
5I?B?
cI > 0
wB?<: K
cW > 0
y J?79;?< <9D ? <;B6H;Cl : 9<6;6{? 67~ ?H;697 wB?<: K 5 6;IJBA5ACy
H9<; K > 9B?9{?B = ;I? ;A7m HA:AH6;l IA< <9D ? {9CED ? C6D 6;A;697< = 5I6HI 6D: 9<?< H97<;BA67;<
C6m?
0 ≤ f1(t) ≤ Qt ≤ f2(t)
o9B <9D ? J?;?BD 676<;6H oE7H;697<
f1
A7J
f2
K 9B ;I? 7?b;
9:;6D 6A;697 :B9FC?D = 5? HA7 o9BDECA;? ;I?<? :Il<6HAC H97<;BA67;< 67 ;?BD < 9o A <D 99;I
: ?7AC6A;697 s −C∑Ni=0 e−rti [(Qti −f1(ti))−]2−C
∑N
i=0 e
−rti [(Qti −f2(ti))+]2
= 5 6;I A CAB8?
H97<;A7;
C
K qo 5? H97<6J?B ;I6< : ?7AC6A;697 A< A r7A7H6AC : ?7AC;l= ;I? oA6B :B6H? 9o ;I6<
   6< ;I?7 86{?7 Fl
J (q) = E
(
N∑
i=0
Ψti(qti , Fti , Qti)
)
,
wÊ Ky
5I?B?
Ψt(q, F,Q) = e
−rt
(
ψ(F, q) −C[(Q− f1(t))−]2 − C[(Q− f2(t))+]2
) 6o
t < tN
A7J
ΨtN (q, F,Q) = e
−rtN
(
−C[(Q− f1(tN ))−]2 − C[(Q− f2(tN ))+]2
) K
VX2, O 	           	    
    
    	
	 	    
   	  
   	   Qmin = Qmax = 0	  	  
       	  
   	    f2	 
 	  
     
       σ = 70% α = 4 r = 0% qmin = −0.2 qmax = 0.4 f1 ≡ 0 f2(ti) =
min(qmaxi, 20, qmin(i − N))

cI = 0.6

cW = 0.2

K = 20

T = 1   	   
N = 365	 
     	        	            
	       F (0, ti) = 20 

vI?<? J?<HB6:;697< 9o 45 678 9:;697< A7J <;9BA8? H97;BAH;< HA7 F ? E76r?J 5 6;I67 ;I? o9CG
C95 678 o9BDECA;697 9o ;I? :B6H?
J (q) = E
(
N−1∑
i=0
Ψti(qti , Fti , Qti) + PT (FT , QT )
)
.
wÊ K y
q7 ;I? AF 9{? =
q
6< A 86{?7 H97<ED:;697 <;BA;?8l=
Ψ·(·)
J?79;?< <9D ? A::B9:B6A;? 67<;A7;AG
7?9E< :B9r; A7J PT (·)
<9D ? ;?BD 67AC : ?7AC;lK
v9 :B6H? ;I?<? 67<;BED ?7;< = 5? D Am? ;I? HBEH6AC A<<ED:;697 ;IA; ;I? H97<ED:;697 J?H6<697<
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AB? ;Am?7 AHH9BJ678 ;9 ;I? <9C? ?{9CE;697 9o ;I? E7J?BCl678 A<<?; = A7J 79; ;I? B?AC 7??J< 67
8A< K 49 = ;I? :B6H? 6< 86{?7 Fl
sup
q
J (q).
q; 6< A <;9HIA<;6H 9:;6D AC H97;B9C :B9FC?D K q7 ;I? 7?b; <?H;697 = 5? <;A;? ;I? A<<9 H6A;?J
Jl7AD 6H :B98BADD 678 ?pEA;697 w<?? `?B;<?mA< A7J 4IB?{? wÊ]  y = `?B;<?mA< wÊ]]yy oB9D
5I6HI 5? J?B6{? <9D ? 7ED ?B6HAC D ?;I9J< K
 ifkj	 eg h
 
h gd hd kj fgf kd i
ekgd
 6B<; = o9B F 9;I ;I?9B?;6HAC A7J 7ED ?B6HAC :EB: 9<?< = 6; 6< F ?;;?B ;9 B?5B6;?
(Ft)0≤t≤T
E<678
A7 ?b;BA <;A;? {AB6AFC?
X = (Xt)0≤t≤T
J?r7?J Fl
Xt = σe
−αt
∫ t
0 e
αudWu.
}9;? ;IA;
X
6<
A7  B7<;?67GIC?7F ?Hm :B9 H?<< = 5I6HI <9C{?<
dXt = −αXtdt + σdWt
K ?; = ;I 6< :B9: ?B;l
5 6CC 79; F ? B?ACCl E<?J 67 ;I? <?pE?C K > 9B?9{?B = A7 6DD ?J6A;? A::C6HA;697 9o q; < o9BDECA
l6?CJ<
F (s, t) = F (0, t) exp[e−α(t−s)Xs − σ
2
4α(e
−2α(t−s) − e−2αt)] K ? :AB;6HECABCl IA{?
Fti = F
(
0, ti
)
exp
(
Xti −
σ2
4α
(
1 − e−2αti
))
.
w) K y
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z< ACB?AJl D ?7;697?J = ;I? {ACEA;697 9o 45 678 H97;BAH;< HA7 F ? ?DF?JJ?J 67;9 A <;9 HIA<;6H
H97;B9C oBAD ?59Bm K q7J??J = ;I? Jl7AD 6H< 9o ;I? <l<;?D 6< J?<HB6F ?J Fl A J6<HB?;?G;6D ?
> ABm9{ HIA67
(Fti , Qti)0≤i≤N
;IA; 6< H97;B9CC?J Fl ;I? C9 HAC H97<ED:;697
(qti)0≤i≤N−1
K
 6{?7 A ;6D ?
ti
A7J A <;A;?
(F,Q)
= ;I? :B6H? 6< 86{?7 Fl
P (ti, F,Q) = sup
(qtj )i≤j≤N−1
E
(N−1∑
j=i
Ψtj (qtj , Ftj , Qtj ) + PT (FT , QT )|Fti = F,Qti = Q
)
.
q7 ;I? CA<; ?b:B?<<697 = ;I? <E: 6< ;Am?7 9{?B ACC AJD 6<<6F C? H97<ED:;697< K z <;A7JABJ B?<EC;
<;A;?< ;IA; = E7J?B D 6CJ A<<ED:;697< = ;I?B? ?b6<;< A7 9:;6D AC > ABm9{6A7 H97<ED:;697 = 86{?7
Fl ;I? Jl7AD 6H :B98BADD 678 ?pEA;697 wAC<9 m7957 A< `?CCD A7 < ?pEA;697 y K
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  0//2YUY/[ O   
  	   
    p  C  	        
 	     ti ∈ [0, T ] F > 0 q ∈ [qmin, qmax]  (Q,Q′) ∈ [−N(qmin)−, N(qmax)+] 
|Ψti(q, F,Q)| + |PT (F,Q)| ≤ C(1 + F p),
|Ψti(q, F,Q′) − Ψti(q, F,Q)| ≤ C(1 + F p)|Q′ −Q|.
	   	      
     
  q∗(t, F,Q) 	 	     	  
 
 	      
    

   
P (ti, F,Q) = max
q∈[qmin,qmax]
[
Ψti(q, F,Q) + E
(
P (ti+1, Fti+1 , Q+ q)|Fti = F
)]
, (ti < T ),
P (T, F,Q) = PT (F,Q).
w) K y
}9;? ;IA; ;I6< B?<EC; I9CJ< o9B F 9;I 45 678 A7J <;9BA8? H97;BAH;< K
  vI6< 6< A7 6DD ?J6A;? A::C6HA;697 9o  B9: 9<6;697   K K 67 `?B;<?mA< A7J 4IB?{?
wÊ]  y K  6B<; = ;I? H97J6;697< 97 ;I? 8B95;I 9o 67<;A7;A7?9E< A7J ;?BD 67AC :B9r;< ;98?;I?B
5 6;I ;I? HCA<<6HAC ?<;6D A;?<
E(sup0≤t≤T F
p
t ) < ∞
?7AFC? E< ;9 HI?Hm A<<ED:;697< w+y
A7J w−y 67  B9: 9<6;697   K K vI?7 = 6; B?D A67< ;9 :B9{? ;IA; ;I? <E:B?DED 67 w) K y 6<
A;;A67?J K vI6< 6DD ?J6A;?Cl o9CC95 < oB9D ;I? H97;67E6;l 9o
P (ti+1, F,Q)
5 KB K; K
Q
w5I6HI 6<
A ?A<l H97<?pE?7H? 9o 9EB 6:<HI6; H97;67E6;l Il: 9;I?<6<y K  67ACCl= <67H? ;I? Jl7AD 6H< 9o
;I? o9B5ABJ H97;BAH;< J9 ?< 79; J?: ?7J 97
(qti)i
= ;I? E<EAC H97J6;697AC ?b: ?H;A;697 5 KB K; K
(Fti , Qti)
HA7 F ? <6D:C6r?J E<678 ;I? B?CA;697
Qti+1 = Qti + qti
K q; :B9{6J?< ;I? Jl7AD 6H
:B98BADD 678 ?pEA;697 A< ?b:B?<<?J 67 w) K y K

ABA8BA:I< ) K) A7J ) K_ B?<: ?H;6{?Cl 6D:C?D ?7; ;I? maxq∈[qmin,qmax]
9: ?BA;697 A7J ;I? H9D G
:E;A;697 9o
E(·|Fti = F )
o9B <9C{ 678 A::B9b6D A;?Cl ;I? Jl7AD 6H :B98BADD 678 ?pEA;697
w) K y K
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z< E<EAC = <9C{ 678 ;I? Jl7AD 6H :B98BADD 678 ?pEA;697 w) K y 6< oAB oB9D F?678 ;B6{ 6AC F ?HAE<?
9o ;I? H97J6;697AC ?b: ?H;A;697 A7J ;I? 9:;6D 6A;697 5 KB K; K
q
A; ?AHI ;6D ? K 9B A 7ED ?B6HAC
B?<9CE;697 = ;I6< o9BDECA;697 DE<; F ? <6D:C6r?J K v9 J9 <9 = 5? rB<; J6<HB?;6? ;I? <?; 9o
AJD 6<<6F C? {ACE?< 9o
qti
s
qti ∈ {qmin, qmin + ∆q, . . . , qmax − ∆q, qmax}
5I?B?
∆q
J?79;?< A
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 68EB? ) s u ?<;B6H;697 9o ;I? <?; 9o AJD 6<<6F C? :EBHIA<?J {9CED ?< 5I?7 ;I? 8C9FAC H97<;BA67;<
HA7 79; F ? {69CA;?J K
: 9<6;6{? H97<ED:;697 <;?: K@97<?pE?7;Cl= ;I? :EBHIA<?J HEDECA;6{? {9CED ?
Qti =
∑i−1
j=0 qtj
F ?C978< ;9 A <?; 9o : 9<<6F C? {ACE?< {Q1t
i
, Q2t
i
, . . . , Q
Mti
t
i
} = 5I?B? Mti
J?79;?< ;I? 7EDF ?B 9o
: 9<<6F C? HEDECA;6{? {9CED ?< ;IA; AB? :EBHIA<?J E: ;9 ;6D ?
ti
K qo 6; 6< 79; ACC95?J ;9 FB?Am
;I? 8C9FAC :EBHIA<? H97<;BA67;<
Qmin
A7J
Qmax
w6 K? K ;I? A::C6?J : ?7AC;6?< AB? 67r76;?y = ;I?
<?; A = {(ti, Qti) : 0 ≤ i ≤ N}
9o AJD 6<<6F C? HEDECA;6{? H97<ED:;697< HA7 F ? ? H6?7;Cl
C6D 6;?J K vI6< 5 6CC F ? ?b;B?D ?Cl E<?oEC ;9 <: ??J E: ;I? B?<9CE;697 9o w) K y K 9B ?bAD:C? = C?;
E< H97<6J?B A H97;BAH; 5 6;I ;I? HIABAH;?B6<;6H<
Qmax = 1
=
Qmin = 0
=
∆q = qmax = 1
A7J
qmin = −2
= 9{?B ;I? : ?B69J {t0 = 0, t1, . . . , t4 = T}
K vI? <?; A 6< B?:B?<?7;?J 97  68EB? ) K
9B A 86{?7 H9E:C?
(ti, Qti)
= J?79;? Fl
Adm(ti, Qti)
;I? <?; 9o J6<HB?;? AJD 6<<6F C? {ACE?<
9o
qti
K qo ;I? H97<;BA67;< HA7 F ? FB9m?7 = ;I?7
Adm(ti, Qti) = {qmin, qmin + ∆q, . . . , qmax −
∆q, qmax}
K  ;I?B5 6<? 6; HA7 F ? DEHI <D ACC?B w<??  68EB? )y K vIE< = o9B A7l (ti, Qti) ∈ A
=
w) K y F ?H9D ?<
P (ti, F,Qti) = max
q∈Adm(ti,Qti)
[
Ψti(q, F,Qti) + E
(
P (ti+1, Fti+1 , Qti + q)|Fti = F
)]
.
w) K]y
q7 C68I; 9o w) K]y = 5? <I9ECJ H9D:E;? A< D A7l oE7H;697< P (ti, ·, Qti)
A< ?C?D ?7;< 67 ;I? <?; A K
 95?{?B = ;I6< CA;;?B HA7 F ? pE6;? CAB8? w<?? abAD:C? Êy = A7J ;IE< DEHI ;6D ? H97<ED 678 K
vI6< 6< A7 67I?B?7; JBA5FAHm 9o ;I6< A::B9AHI A7J A< 5? 5 6CC CA;?B <?? = 5? J9 79; D ??;
;I?<? 6<<E?< 5 6;I ;I? A::B9AHI?< FA<?J 97 :ABAD ?;?B6?J H97<ED:;697< K
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 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  	    

   ∆q = qmax − qmin 

 68EB? _ s 4;A;?< 5I?B? ;I? :B6H? oE7H;697
P (ti, Qti , ·)
<I9ECJ F ? H9D:E;?J
v9 H9D:C?;? ;I? B?<9CE;697 9o ;I? Jl7AD 6H :B98BADD 678 ?pEA;697 w) K]y = 5? J?{?C9: 67 ;I?
<?pE?C ;59 J6n ?B?7; <;BA;?86?< K
Ê K  <678 A ;B679D 6AC ;B?? ;9 J?<HB6F ? ;I? ?{9CE;697 9o
(Fti)0≤i≤N
K q; C?AJ< ;9 ;I? <9G
HACC?J o9B?<; 9o ;B??< AC89B6;ID w<?? AB6GA{A<<A76 = 46D HI6 A7J AB? w)^^ Êy  tA6CC?; =
u 977 A7J v9D:A6J6< w)^^x yy K
) K  <678 > 97;? @ABC9 <6DECA;697< 9o (Fti)0≤i≤N
= 5I6HI AB? DEHI D9B? AJA:;?J ;9
DEC;6GoAH;9B D 9J?C< K vI?l ?7AFC? ;9 H9D:E;? H97J6;697AC ?b: ?H;A;697< 67{9C{?J 67
w) K]y w5 6;I A79;I?B B?:B?<?7;A;697 y E<678 B?8B?<<697 ;?HI76pE?< wA7AC989E< ;9 ;I?
978<;AnG4HI5AB; A::B9AHI w)^^ Êy o9B `?BDEJA 9:;697<y K vI6< A::B9AHI IA< 79;
F ??7 E<?J 67 ;I? ?b6<;678 C6;?BA;EB? 97 45 678 9:;697< K
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q7 C68I; 9o w) K y = 5? 7??J ;9 H97<;BEH; A ;B679D 6AC ;B?? = 67 9BJ?B ;9 J?<HB6F ? I95 (Xti)0≤i≤N
wA7J ;I?B?o9B?
(Fti)0≤i≤N
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J?;?BD 67? <9D ? 67;B67<6H :B9: ?B;6?< 9o ;I? 9:;6D AC H97<ED:;697 = 5I6HI 5 6CC I?C: 67 <?;;678
;I? :ABAD ?;?B6A;697 K
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 	      
?B?Ao;?B = 5? <;A;? A B?D ABmAFC? ;I?9B?;6HAC B?<EC; H97H?B7678 ;I? 7?H?<<ABl 9:;6D AC6;l H97G
J6;697< <A;6<r?J Fl ;I? 9:;6D AC H97<ED:;697 = 67 ;I? 45 678 H97;BAH; w5 6;I A : ?7AC;l A C6;;C?
<D 99;I?B ;IA7 PT (F,Q) = −AF [Q−Qmin]− −BF [Q−Qmax]+
y K vI? :B99o 6< B?C?8A;?J
;9 z:: ?7J6b z K q; <;A;?< ;IA; ;I? 9:;6D AC H97<ED:;697 6< 9o FA78GFA78 ;l: ? E7J?B <9D ?
A<<ED:;697< K vI6< IA< F ??7 7ED ?B6HACCl 9F<?B{?J 5 6;I ;I? :B9 H?JEB?< :B?<?7;?J F ?o9B? K
,/0,\     
  wÊ K y  	 Ψti(q, F ) = e−rtiq(F − K)  PT (F,Q) =
−e−rTFP (Q) P         

 	       	 
P
[
e−rti (Fti −K) + E
(
e−rTFTP
′(Q∗T )|Fti , Q∗ti
)
= 0
]
= 0,
w_ KÊ^y
 ~ {Ä~ {  	~ {~  Æ ~~ {Æ~  }~~ {{Ä Ä ~ Æ ~{~  
 ~ {
 
 ¢ ~  
 Ψti(q, F ) 	 ¡ ¡ ¡ q ¡ 	~~  
¢ { ¢½{ 	 { ~ ½¢ { ¢½
~~{º {~ ~~ {~ {qmin, 0, qmax}.
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	   
   
   
  ti            
q∗(ti, Fti , Q
∗
ti
) =qmax1
e−rti(Fti−K)+E
“
e−rT FT P ′(Q
∗
T
)|Fti ,Q
∗
ti
”
>0
+ qmin1
e−rti(Fti−K)+E
“
e−rT FT P ′(Q∗T )|Fti ,Q
∗
ti
”
<0
.
@97J6;697 w_ KÊ^y A:: ?AB< ;9 F ? IABJ ;9 HI?Hm <67H? 6; 67{9C{?< ;I? E7m7957 9:;6D AC H97G
<ED:;697 K 95?{?B = 6; HA7 F ? ?b: ?H;?J w?{?7 6o 5? IA{? 79; F ??7 AFC? ;9 :B9{? 6;y ;IA; o9B
ti < T
= ;I? CA5 9o ;I? BA7J9D {AB6AFC?
e−rti (Fti −K) + E
(
e−rTFTP
′(Q∗T )|Fti , Q∗ti
) IA< A
J?7<6;l 5 KB K; K ;I? ?F ?<8E? D ?A<EB? K vI?7 = ^ 5 6CC F ? A 7ECC : 967; A7J @97J6;697 w_ KÊ^y
5 6CC F ? <A;6<r?J K
}9;? ;IA; vI?9B?D _ KÊ 6< <;B978Cl B?CA;?J ;9 ;I? <;9 HIA<;6H D Ab6DED :B67H6: C? w97;BlA867
:B67H6: C?y o9B 9:;6D AC H97;B9C :B9FC?D < K 95?{?B = ;I6< CA;;?B <;B6H;Cl I9CJ< 67 ;I? H97;67G
E9E< HA<? wF 9;I 67 ;6D ? A7J <:AH?y K 467H? ;I? HEDECA;6{? H97<ED:;697 IA< A H97;67E9E<
<;A;? <:AH? = 6; IA< F ??7 : 9<<6F C? ;9 J?B6{? 9:;6D AC6;l H97J6;697< 67 9EB H97;?b; K
> 9B?9{?B = o9B C?<< <D 99;I : ?7AC;6?< 9o ;I? o9BD
P (Q) = −A [Q−Qmin]−−B [Q−Qmax]+
=
97? HA7 ?A<6Cl <?? ;IA; ;I?B? AB? H?B;A67 B?8697< 5I?B? ;I? J?B6{A;6{? 9o ;I? ;?BD 67AC : ?7AC;l
J9 ?< 79; J?: ?7J A7l D 9B? 97 ;I? 5I9C? H97<ED:;697 K vI? :B9: 9<6;697 F ?C95 ?b:C6H6;Cl
HIABAH;?B6?< ;I? H97<ED:;697 ;IB?<I9CJ 67 ;I?<? <: ?H6AC HA<?< K
  0//2YUY/[  O  	      
	 


  Qti ∈ [Qmin − qmin (N − i), Qmax − qmax (N − i)] 	  
        
   	 	  (QT ∈ [Qmin, Qmax]) 
 	  
  		  
	      	    K  	   
   
   	       

    1    	
qti = qmax 1Fti>K + qmin 1Fti≤K .
 
  Qti + qmin (N − i) ≥ Qmax        
   	 

  	  P ′(QT ) = −A 
 	   	   F (ti, T ) = E (FT |Fti) 	 
 
   
    	   
   
    2    	
qt = qmax 1e−rti(Fti−K)−A e−rT F (ti,T )>0
+ qmin 1e−rti(Fti−K)−A e−rT F (ti,T )≤0
.
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  Qti + qmax (N − i) ≤ Qmin        
   	  
 
	  P ′(QT ) = B 
 	   
   
       
    3   
	
qt = qmax 1e−rti(Fti−K)+B e−rT F (ti,T )>0
+ qmin 1e−rti(Fti−K)+B e−rT F (ti,T )≤0
.
q7 9BJ?B ;9 6D:B9{? 9:;6D 6A;697 :B9 H?JEB?< = ;I?<? <: ?H6rH HA<?< IA{? F ??7 ;Am?7 67;9
AHH9E7; 67 ;I? :ABAD ?;?B6A;697 9o ;I? 8A< H97<ED:;697 K
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? rB<; :B9: 9<? A 797C67?AB :ABAD ?;?B6A;697 9o ;I? H97<ED:;697 oE7H;697
qt = q(t, Ft, Qt)
=
E<678 A 7?EBAC 7?;59Bm w<??  Alm67 wÊ]]xy o9B 8?7?BAC B?o?B?7H?< 97 7?EBAC 7?;59Bm<y K
? IA{? <?C?H;?J o9B 9EB <;EJl A 97?GI6JJ?7GCAl?B 7?EBAC 7?;59Bm = 5I9<? ABHI6;?H;EB? 6<
J?<HB6F ?J 67  68EB? ] K vI? 67:E; CAl?B
(xi)1≤i≤3
6< H977?H;?J ;9 ;I? <;A;? A7J ;6D ? {AB6AFC?<
t
1
Qt
Ft
 	
  	
  	

y
θkl
θl
 68EB? ] s z BHI6;?H;EB? 9o ;I? 7?EBAC 7?;59Bm K
s
x1 = t
=
x2 = Ft
A7J
x3 = Qt
K vI?B? 6< 97? I6JJ?7 CAl?B 5 6;I
L
7?EB97< = A7J ;I? 9E;:E;
CAl?B B?;EB7< ;I? C?{?C 9o 9:;6D AC H97<ED:;697 A; ;6D ?
t
K zH;EACCl= ;I? 7EDF ?B 9o I6JJ?7
E76;< ;9 E<? 6< oAB oB9D HC?AB K q; 6< B?CA;?J ;9 ;I? H9D:C?b6;l 9o ;I? E7J?BCl 678 oE7H;697 ;IA;
;I? 7?;59Bm 6< ;Bl 678 ;9 D 9J?C K z 899J <;AB;678 : 967; 6< ;9 HI99<? A 7EDF ?B 9o E76;< ?pEAC
;9 IACo ;I? <ED 9o ;I? 7EDF ?B 9o 67:E; A7J 9E;:E; E76;< K ? IA{? H97JEH;?J A H?B;A67
7EDF?B 9o ?b: ?B6D ?7;< 5 6;I J6n?B?7; H97r8EBA;697< A7J r7ACCl <?C?H;?J A 7?;59Bm 5 6;I
4
I6JJ?7 7?EB97< = 67 :B?o?B?7H? ;9 A CAB8?B 97? 5 6;I A 7?8C686F C? 6D:B9{?D ?7; K vI? 7?;59Bm
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6< J?r7?J Fl A D A;B6b A7J A {?H;9B 9o 5?68I;< w;I? :ABAD ?;?B<y s ;I? 67:E; 5?68I;< {θ  kl}
A7J ;I? 9E;:E; 5?68I;< {θl }
K vI? 9E;:E; 9o ;I? 7?;59Bm 6< 86{?7 Fl
y =
4∑
l=1
θ

l s
(
3∑
k=0
θ  

kl xk
)
,
5I?B? (
θ  

0l
)
l
AB? ;I? F6A< 5?68I;< w5? <?;
x0 = 1
y A7J
s
6< ;I? 468D 96J oE7H;697 s
s(x) =
1
1+e−x
K vI? C9 HAC H97<ED:;697 6< ;I?7 J?r7?J Fl
q = qmin + (qmax − qmin) s(y),
w_ KÊÊy
5I6HI <;6CC F ?C978< ;9 ;I? BA78?
[qmin, qmax]
K
vI? D 9;6{A;697 9o <EHI A :ABAD ?;?B6A;697 6< ;I? o9CC95 678 K  6B<; = 7?EBAC 7?;59Bm< AB?
{?Bl <9:I6<;6HA;?J ;?HI76pE?< HA:AFC? 9o D 9J?C678 ?b;B?D ?Cl H9D:C?b oE7H;697< w67 :ABG
;6HECAB = 797C67?AB 97?< 5 6;I CAB8? 7EDF ?B< 9o {AB6AFC?<y = A7J A; ;I? <AD ? ;6D ? = ;I? C?{?C
9o ;I? E<?B m795 C?J8? 7??J?J ;9 <EHH?<<oE CCl A::Cl 7?EBAC 7?;59Bm< 6< DEHI C95?B ;IA7
59ECJ F ? ;I? HA<? E<678 = o9B ?bAD:C? = <9D ? D9B? ;BAJ6;697AC 797C67?AB <;A;6<;6HAC D ?;IG
9J< K q7 AJJ6;697 = ;I? ?b: ?H;?J :Al9n J (q) J?r7?J 67 wÊ K y F ?H9D ?< J (θ) = 5 6;I θ =
(
θ  

kl, θ

l ; 0 ≤ k ≤ 3 ; 1 ≤ l ≤ 4
) = A7J 67 ;I? <?pE?C ;I? 9:;6D 6A;697 5 KB K; K
θ
56CC F ? : ?BG
o9BD ?J E<678 A7 ?<;6D A;697 9o ;I? 8BAJ6?7; ∇J (θ) K vI6< ~ E<;6r?< 5Il 5? I?B? H97<6J?B A
<D 99;I :ABAD ?;?B6A;697 K 95?{?B = ;IA7m< ;9 vI?9B?D _ KÊ = 5? D Al ?b: ?H; ;I? 9:;6D AC
H97<ED:;697 ;9 F ? 9o FA78GFA78 ;l: ? K vI6< F ?IA{69B HA7 F ? <??7 A< A C6D 6; HA<? 5I?B? ;I?
9E;:E; 5?68I;< ;?7J ;9 67r76;lK q; D ?A7< ;IA;
y
B?:B?<?7;< 67 A 797C67?AB 5Al ;I? FA78G
FA78 ;IB?<I9CJ s o9B CAB8? : 9<6;6{? {ACE?< 9o
y
=
q ≈ qmax
A7J o9B CAB8? 7?8A;6{?< {ACE?< 9o
y
=
q ≈ qmin
K
 O O , 0X1Y,[U XW/0YU\
B9D A7 676;6AC BA7J9D H97r8EBA;697 9o 5?68I;< = ;I? <;9HIA<;6H 8BAJ6?7; AC89B6;ID D Am?< =
67 ?b: ?H;A;697 = A D 9{? ;95ABJ< : 967;< 9o I68I?B {ACE?< 67 ;I? <?ABHI <:AH? = 67 9BJ?B ;9
C9 HA;? A C9 HAC D Ab6DED w<?? `?7{?76<;? = > ?;6{ 6?B A7J  B69EB?; wÊ]]^y = E<I7?B A7J  67
wÊ]] y o9B 8?7?BAC B?o?B?7H?< 97 <;9 HIA<;6H A::B9b 6D A;697 AC89B6;ID <y K ? ;IE< J?r7? A
B?HEB<6{? <?pE?7H? 9o :ABAD ?;?B<
(θn)
Fl <?;;678
θn+1 = θn + γn ̂∇θJ (θn)
= 5I?B?
̂∇θJ (θn)
6< A 8BAJ6?7; ?<;6D A;9B 9o ;I? D A::678
θ 7→ J (θ) A7J (γn)
6< A <E6;AFC? <?pE?7H? 9o
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7977?8A;6{? <;?: <6?< K ? IA{? HI9<?7 ;9 rb
γn
;9 A H97<;A7; ;IB9E8I9E; 9EB 7ED ?B6HAC
?b: ?B6D ?7;< = FE; ;I? J6 HEC; :AB; 6< ;9 J?H6J? I95 CAB8? ;I? <;?:< <I9ECJ F ? K AB8? <;?:<
D Al H97{?B8? D 9B? pE6HmCl= FE; D Al AC<9 9{?B<;?: ;I? <9CE;697 9B 89 9n 67 ;I? 5B978
J6B?H;697 K q7 H97;BA<; = {?Bl <D ACC <;?:< D Al 89 67 ;I? H9BB?H; J6B?H;697 = FE; ;I?l AC<9
B?pE6B? A CAB8? 7EDF?B 9o 6;?BA;697< K vI? H9BB?H; <?;;678 o9B ;I? <;?: <6? 6< A::C6HA;697G
J?: ?7J?7; = A7J ;l:6HACCl HI9<?7 Fl ?b: ?B6D ?7;< K vI? AC89B6;ID <;9:< 67 A I68I : 967; =
5I6HI 6< A C9 HAC D Ab6DED K vIB9E8I9E; ;I? 7ED ?B6HAC ?b: ?B6D ?7;< 5? IA{? : ?Bo9BD ?J =
;I? {ACE?< ;9 5I6HI ;I? AC89B6;ID IA< H97{?B8?J 5?B? ACC {?Bl HC9<? ;9 ;I? 8C9FAC 9:;6DED
w:B?<ED AFCl 86{?7 Fl ;I? D ?;I9J 9o 4?H;697 ) K_y K z < o9B ∇θJ (θ)
= 6; IA< F ??7 H9D:E;?J Fl
A HCA<<6H > 97;?G@ABC9 A::B9AHI = E<678 A :A;IG5 6<? D ?;I9J w<?? E<I7?B A7J A78 wÊ]] Êy
A7J B?H?7;Cl 9F ?; A7J >E79< w)^^yy K q; 6< ;IE< ?b:B?<<?J A< A7 ?b: ?H;A;697 s
∇θJ (θ) =E
(N−1∑
i=0
∇θq(θ, ti, Fti , Qti)∂qΨti(qti , Fti , Qti)
+ ∂θQti∂QΨti(qti , Fti , Qti)
)
+ E
(
e−rT∂θQT∂QPT (FT , QT )
)
.
w_ KÊ)y
vI? pEA7;6;l ∇θq(θ, ti, F,Q)
B?<EC;< 67 J6n ?B?7;6A;678 ;I? :ABAD ?;?B6A;697 9o ;I? H97<ED:G
;697 J?r7?J 67 w_ KÊÊy = 5I6HI 6< <;BA68I;o9B5ABJ K 9B ;I? >97;? @ABC9 ?{ACEA;697< 9o ∇θJ (θ)
=
5? 7??J ;9 <6DECA;?
(∂θQti)0≤i≤N
K q; 6< 9F;A67?J E<678 ;I? ?pEA;697
Qti+1 = Qti + qti
=
oB9D 5I6HI 5? J?JEH?
∂θQti+1 = ∂θQti + ∂θq(θ, ti, Fti , Qti) + ∂Qq(θ, ti, Fti , Qti) ∂θQti ,
56;I A7 676;6AC H97J6;697
∂θQ0 = 0
K
 O  Q\,0YTXW 0,2QWU2
 X\ W,  3 N. Y[ T/[U0XTU  z< HA7 F ? <??7 67 <?H;697 _ KÊ = 5? ?b: ?H; ;I? 9:;6D AC
H97<ED:;697 ;9 F ? 9o FA78GFA78 ;l: ? K vIE< 67 9BJ?B ;9 ;Am? 67;9 AHH9E7; ;I6< wB?D ABmAFC?y
B?<EC; = A ;IB?<I9CJ oE7H;697 HA7 F ? AJJ6;697ACCl A::C6?J ;9 ;I? 9E;:E; E76; s
q    = qmax 1q'> qmax+qmin
2
+ qmin 1q'≤ qmax+qmin
2
.
q7 ;I? AF 9{? ?b:B?<<697 =
q	 A7J q    <;A7J o9B ;I? 9E;:E; 7?EB97 A7J ;I? ;IB?<I9CJ
{ACE? = B?<: ?H;6{?ClK ?B? = ;I? :ABAD ?;?B< AB? ;I? 97?< 86{?7 67 @A<? Ê K ? AC<9 H97<6J?B
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K vI? <;?: <6? o9B ;I? <;9 HIA<;6HG8BAJ6?7; AC89B6;ID 6< H97<;A7; A7J ?pEAC ;9
3
K
 ?79;? Fl
• NMC
;I? B?pE6B?J 7EDF ?B 9o > 97;? @ABC9 <6DECA;697< ;9 HACHECA;? A7 ?<;6D A;9B 9o
;I? 8BAJ6?7; = o9B A 86{?7 <?; 9o :ABAD ?;?B< =
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B?AC
4 × 4 4565 ± 25 x  ÊÊ
B?AC
10 × 10 4578 ± 25 x  ÊÊ
|A;
4 × 4 2696 ± 23 ) Ê 
|A;
10 × 10 2692 ± 23 ) Ê 
 X\ W, O 3 2U/0X, T/[U0XTU  vI?<? B?<EC;< D A67Cl J?: ?7J 97 ;I? HI96H? 9o
ε
A7J ;I?
<6? 9o 8B6J< K
ε
7??J< ;9 F ? <D ACC ?79E8I ;9 IA{? B?C6AFC? B?<EC;< FE; A ;99 <D ACC {ACE?
9o
ε
DAl AC<9 8?7?BA;? I?A{l H9D:E;A;697< K q7 9EB HA<? 8B6J< 5?B? ;9 9 H9AB<? ;9 E<? A
{?Bl <D ACC {ACE? 9o
ε
K zJA:;6{? 8B6J< = 5I6HI F ?H9D ? D9B? :B?H6<? A<
t
8B95 < = D Al F ?
D 9B? ? H6?7; ;IA7 E76o9BD 97?< K q7 ;I? <;9BA8? H97;BAH; = A 8B6J ;IA; ?7<EB?< H97;67E6;l
9o ;I? ;IB?<I9CJ <EBoAH? A; ?J8?< 9o 97? Ê = 86{?< 899J B?<EC;< A< 5?CC K q; A:: ?AB< ;IA;
67 6;6AC6A;697 A7J 9BJ?B 9o :ABAD ?;?B<
θj
67 ;I? 9:;6D 6A;697 :B9H?JEB? AB? 79; HBEH6AC K
9B5ABJ HEB{? 46? 9o 8B6J Ĵ 9B?<; 9o ;B??<
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